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ARTICLE INFO ABSTRACT

Keywords: When the Bekenstein-Hawking entropy is modified, ambiguity often arises concerning whether
Generalized entropy the Hawking temperature or the thermodynamic mass should be modified. The common
Jacobson’s method practice, however, is to keep the black hole solution the same as that in general relativity. On the

Barrow entropy
Tsallis entropy
Varying-G

other hand, if Jacobson’s method of deriving Einstein equations from thermodynamic is valid in
the general settings, then given a generalized entropy one should first derive the corresponding
modified gravity, and then look for the compatible black hole solution before investigating its
thermodynamics. We comment on some properties and subtleties in this approach. In particular,
we point out that generically generalized entropy would lead to a varying effective gravitational
“constant” theory, in which G depends on the horizon area. We discuss in what ways such
theories are discernible from general relativity despite its seemingly jarring differences, and
how to make sense of area-dependent field equations. As a consequence we show that in the
Jacobson’s approach, the standard quantum gravitational logarithmic correction to Bekenstein—
Hawking entropy is equivalent to a running gravitational “constant”. A horizon area dependent
G could also lead to a coupling between black hole masses and cosmological expansion, a
scenario that has been studied recently in the literature, but so far lacks strong theoretical
motivation. In the Tsallis case, we show that the thermodynamic mass for a Schwarzschild
black hole is just a constant multiple of its ADM mass, which is considerably simpler than the
approach not utilizing the Jacobson’s method.

1. Introduction: Generalized entropy and modified gravity

In standard general relativity (GR), black holes have an entropy that is proportional to the horizon area. More precisely, in the
units that' ¢ = 7 = kg = 1, the Bekenstein-Hawking entropy is simply S = A/4G, the well-known “area law”. What this entropy
means, however, remains unclear even after half a century. In the efforts to make sense of black hole entropy, various attempts
have been made in the literature, which consider modifications to the Bekenstein—-Hawking entropy, such as Barrow entropy [1],
Tsallis(-Cirto) entropy [2,3], Kaniadakis entropy [4-6] and Sharma-Mittal entropy [7], just to name a few popular ones (entropy
that generalizes these was constructed in [8]). In this work, we are not necessarily advocating for the case of such generalizations,
but instead we want to take this as an opportunity to study what may happen if we take these proposed modifications seriously.
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Yangzhou City, Jiangsu Province 225002, China.
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1 Here kj is the Boltzmann constant, ¢ is the speed of light in vacuum, and # is the reduced Planck constant.
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It is easy to say “let’s change the Bekenstein-Hawking entropy and see what happens to black hole physics”, but any modification
will open up issues concerning consistency, and so it is important to examine generalized entropy more critically and sort out its
various confusions in the literature.

One of the conceptual problems that arise from these generalized entropy is how to make sense of the corresponding first law
of black hole thermodynamics.? Let us consider only the uncharged and non-rotating case for simplicity. In GR the first law is
straightforward®: d M = Td.S, where M is the ADM mass of the black hole and T = 1/82GM its Hawking temperature. However,
once the entropy S is modified to some new S, ambiguity follows. In the literature, one can typically find two approaches (see,
e.g., the discussions in [11]):

(1) Keep the Schwarzschild mass M the same as thermodynamic mass. One should then define a temperature by T := dM /dS.
(2) Keep the Hawking temperature, in which case the thermodynamic mass is changed into E # M, and the first law becomes
dE=TdS§.

In either case, one assumes that the black hole solution remains unchanged from that of GR.* The first option appears to be
somewhat problematic because at first glance there might be two temperatures — one instinctual objection is that the standard
Hawking temperature still exists since it is what one obtains from Wick rotating the metric in the usual manner and imposing
regularity in the Euclidean period. It is not clear how to make sense of two temperatures; are they both physical? This criticism
requires further examination, since the whole Wick rotation technique rests on the fact that in finite temperature quantum field
theory, the Euclidean action ¢~ is formally identified with the Boltzmann factor e #¥ in the partition function, which in turn
implies that the standard Boltzmann-Gibbs distribution has been assumed. For example, if the Tsallis correction is introduced, we
should consider the “Tsallis factor” [14-16] in place of the Boltzmann factor. In other words, it is not at all obvious how the
“cyclic imaginary time = temperature” identification, which is also tied to the regularization of the Euclidean manifold (to be free
of conical singularity), is affected once a new statistical distribution is assumed. If everything is done consistently, perhaps there
is only one well-defined temperature. This is an interesting question that nevertheless will not be pursued in this work, though it
should be further investigated in view of interests in the field (see, e.g., [17] for discussions concerning various “temperatures”).
However, it is worth mentioning that another common approach in the literature is to take the modified entropy, and compute the
modified temperature via dM = TdS, and then find the metric that would give such an entropy upon Wick-rotation. In view of
our discussion above, this may not be consistent because it seems to have implicitly assumed the usual Boltzmann-Gibbs entropy
instead of a generalized one. In addition, the metric so obtained may not be unique, see [18] for more discussions regarding similar
approaches in the generalized uncertainty principle literature.

In the current manuscript, the more crucial issue we are interested in is the following: applying generalized entropy directly
to GR solutions may not be consistent, but can we do better? We know from Jacobson’s seminal work [19] that one could start
from thermodynamics considerations and obtain the Einstein field equations. In view of this, it can be argued that if the entropy
is modified, we may no longer have the same black hole solution since the underlying theory is also modified. Indeed there are
good motivations to study either modified gravity or generalized entropy. Yet, the relations between the two remain somewhat
obscure and largely unexplored. There are some recent works in this direction, especially in the context of Barrow entropy [20-22].
In [21], the case of Tsallis entropy was also discussed. However, there are still some subtleties that deserve further discussions and
clarifications.

In the following, assuming that the parameter of the generalized entropy is constant, we will point out several interesting results:

(1) If we use the Jacobson’s approach, then the temperature is already chosen to be the standard Hawking one via the identification
T = k/2r, and so what should be changed is the thermodynamic energy.

(2) The Jacobson’s method generically yields field equations that depend on the area of the horizon.

(3) If the modification of entropy is non-geometric in origin, i.e., the area of the horizon remains unmodified, then the Jacobson’s
method would give us a varying gravitational constant theory.®

(4) Points (2) and (3) imply that the varying gravitational constant is horizon area dependent.

We will then discuss whether such a theory is distinguishable from GR in practice. (The answer is ‘yes’, but not as straightforward
as one might think as we need to be careful about the physical observables.) More importantly, we have to make sense of the
consequences of having horizon area-dependent field equations, which renders the field equations quasi-local at best.

The structure of the manuscript is as follows. In Section 2 we start by reviewing the Jacobson’s method for deriving the Einstein
field equations and then apply it to generalized entropies, using Tsallis entropy as a concrete example. We comment on the subtleties
in the Barrow case. We also state the general theorem that generalized entropy leads to area-dependence field equations. Then in
Section 3 we derive the thermodynamic mass of Tsallis-corrected Schwarzschild black hole, noting the difference with the previous
results in the literature. In Section 4 we attempt to understand area dependent field equations. Then in Section 5 we briefly discuss

2 In cosmological applications, there are even more confusions [9].

3 This does not mean that it is always simple. In asymptotically anti-de Sitter spacetimes, the concept of mass is notoriously tricky especially when the black
hole is rotating [10].

4 Another option is to demand that M = E and T remains the same as one would obtain from a modifed solution, i.e., that theory is no longer GR, but not
necessarily obtained via the Jacobson’s method. See, for example, the discussions in [12,13].

5 The idea that the gravitational constant can vary has a long history, dating back at to Dirac’s seminal paper in 1937 [23]. See [24] for a modern review.



H. Lii et al. Annals of Physics 474 (2025) 169914

some cosmological implications of such theories, including the possibility that black hole masses may be coupled with cosmological
expansion. Finally, we conclude in Section 6 with more comments. We emphasize that we chose the Tsallis and Barrow form only
for concreteness. At least for the context of this work we do not prioritize/advocate their validity more than any other generalized
entropies.

2. Jacobson’s method applied to generalized entropy

Let us briefly review Jacobson’s method, which essentially makes use of the Clausius relation §Q = TdSS. First, we consider the
heat flow across the horizon given by the matter flux

60 = —«x / AT, k°kPd Ad A, 1)
H
where A is the area of the horizon H with k“ denoting the tangent vector of the horizon generators, « the surface gravity, and A is
an appropriate affine parameter. The Raychaudhuri equation gives the variation of the area as
SA = / 0didA = — / AR 4Kk dAd A, @)
M H

where 6 is the expansion of the horizon generators. Finally applying 6Q = TdS, where T = x/2x is proportional to the surface
gravity,® we obtain

—,c/ ATabkak”dsz=—i/ AR ,kKPd Ad S. 3)
H 2r Jn
Then, with § = A/4G, this becomes
1
- AT Kb dAdA = =2 2 | AR k9KPdAdA. 4
K/H “® 2w 4G [ (@)

This can only be valid if 7,,k%k" = (1/87G)R,k°k" for all null vector k¢, therefore we must have

BzG)T,p = Ryp + [ 8ap &)
for some function f. Finally, taking the covariant derivative and applying the contracted Bianchi identity
VR, = %V,,R, 6)
fixes f to be
R
=A-=
S > 7)

where A is an integration constant that would serve as the cosmological constant once we substitute f back into Eq. (5) and obtain
the Einstein field equations.

Jacobson’s method is rather general. For example, it is known that by including curvature correction (which amounts to non-
equilibrium on the thermodynamic side) it is possible to derive f(R) gravity [26,27]. In addition, by working with Wald entropy
formula instead of the Bekenstein—-Hawking entropy, one can obtain generic diffeomorphism-invariant theories of gravity [28-31].
Having said that, one has to be careful of an implicit independent assumption in the Jacobson’s approach. Using the original
Jacobson’s derivation as an example, GR was obtained from — essentially — the statement that 6E is directly proportional to
5A. However, this is of course being computed in a certain frame. GR only follows if we impose that this calculation is true in
any frame. This was pointed out in [32]. This is implicit since Jacobson’s calculation assumed standard Riemannian/Lorentzian
geometry (for example, utilizing the contracted Bianchi identity). This means that in principle one has to exercise caution on its
validity when dealing with modified gravity theories; especially if diffeomorphism or Lorentz invariance is no longer valid.

Now let us move on to discuss generalized entropy. To aid our discussions, let us look at a concrete example. (We remind the
readers that the discussions below hold also for other generalized entropies; but it is easier to follow a concrete specific example
rather than a general proof. We will state the general result later.) Consider the black hole entropy under Tsallis entropy correction,
which is motivated from non-extensive statistics:

5 1-6
T=ﬂ<i> =A0_A5’ (8)
4G \ A, 4G
where A is a constant and § > 0 is the Tsallis parameter (not to be confused with the variations in preceding equations). Again,
we emphasize that we are not claming that black hole entropy is of the Tsallis form, but merely that this has been proposed in
the literature, and we wish to clarify the implications for such a modification. Much of what follows would also hold for other
generalized entropy; the Tsallis case is relatively easy to demonstrate.

Now, the LHS of Eq. (3) remains unchanged since Tsallis modification only changes the entropy expression; it does not modify

the horizon area. The RHS, however, is modified. Assuming § is constant, we end up with:

® In more general settings, the temperature is not necessary proportional to «, see for example, the discussion in [25], in which the temperature is derived
via the Euclidean grand canonical ensemble (Brown-York) procedure.
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1-6

- K/ AT,k kP dadA = =22 [ AR, k%kd id A® 9)
H 27 4G [y
1-6
K AO apb 6-1
That is,
—K/ [Tab - ﬁAé“S&A‘S”Rah] AkkPdid A = 0, (10)
H T
which then implies
8”GeffTab = Rab + fgab’ a1

where the effective gravitational constant is

1-6
G[ A
Geyr=— | — . 12
eff 5<A0> (12

To get the modified version of the Einstein field equations, we have to take a covariant derivative and apply the contracted Bianchi
identity. This results in

1
87V (GegeT,p) = EV,,R+vbf. 13)

At this stage, we have two choices: we can assume [33] either that the conservation law is V9 (GgT,,) = 0, which is arguably more
natural, or that it is still V¢ (GT,,) = 0. If we assume the former, then the resulting field equations read

1
R, — Eg”bR + gab/\ = 8”GeffTub' (14)

This is of course just GR but with G replaced by G.¢. On the other hand, if we choose the latter, then we can obtain a considerably
more complicated scenario
8rG T, V" HA)‘ ] Lo R, as)
ab s \ 4, 7 Ve b
In the special case that the spacetime is stationary, this would still reduce to GR with G.. This is the case mentioned in [21]. Note
the subtle difference: if the conservation law is V¢ (GgT,,) = 0, there is no need to impose stationary condition to obtain Eq. (14).

Note that in the original work of Jacobson, he actually employed a local Rindler horizon (only d A appears in the derivation),
instead of a black hole horizon. Of course the derivation also works with black hole horizon, but the crucial difference is that in
the former, this holds locally even if there is no global event horizon. Indeed, this is consistent with the field equation of general
relativity being a set of PDE, which is of course, local. This is also consistent with previous findings that thermodynamic nature
of the spacetime horizons is not restricted to the black holes, but applies also to the local causal horizons in the neighborhood of
any point in the spacetime [34]. (See, however, [35].) In our case, once thermodynamics has been modified, however, since G
depends on the area of the horizon (A appears in the result, not just d A), it is a quasi-local quantity. This seems radical and requires
some serious discussions later.

At this point, we are ready to draw some conclusions. The most important observation is that the analysis above would follow
through, mutatis mutandis, as long as in Eq. (3) the RHS is modified but the LHS is not, or more generally the LHS is modified in a
different manner than the RHS. The only exception would be if both sides are modified in the same manner, as in the case of Barrow
entropy analyzed in [21]. In that case, the horizon becomes fractalized” so its area is A4/2 for some 0 € 4 < 1. Fundamentally
the area law remains unchanged S = A/4G, where now A = A'*4/2, Thus one expects that Jacobson’s method would simply give
standard GR. However, in order to write down a Schwarzschild-like metric for which constant r spacelike surfaces are still S2,
Ref. [21] argues that we could view the area as unchanged, but that the entropy changes to Barrow entropy Sp = A'*4/2/4G. This
would amount to an effective theory in which the fractal structure is not visible, but nevertheless it affects the thermodynamics.
The LHS and RHS are modified in the same manner in Eq. (3), but only re-interpreted in the subsequent step. Namely, one starts
with

A A
/ AT, kkbdad A2 = 2L / AR kKPdAd A2, (16
M 27 Jn
from which we get
A
/A(Tﬂb—iRab) (1+4)Aik“kbd/1dA=o, a7
H 2z 2
and consequently
1 A\ 4
(T = e o) (1+3) 4% = Tz s

7 Such a possibility was actually suggested earlier by Sorkin in [36], but he did not write down the form of the area law modification. Sorkin proposed
that fractal structures due to horizon fluctuation may arise on scales between the Planck scale ¢, and (r J’lf)l”. One recognizes that the latter scale actually
corresponds to the minimum error in the length measurement due to quantum gravity effect [37-39].
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4
It is at this step that one re-interprets A as the area of the black hole (instead of A”i).
The resulting field equations has no G, but instead the cosmological constant is rescaled

N — A 19)

<
(1 + %‘) Az

Thus, despite the fact that both Tsallis and Barrow entropies have the form A to some power, their modified gravity behaves quite
differently. This is due to Barrow entropy arising from a geometric correction, whereas Tsallis entropy is the result of the modification
of the underlying statistical mechanics distribution.

Even so, there are still some ambiguities as to when we re-interpret the Barrow correction as merely an entropy correction that
does not change the smooth horizon at the effective theory level. If we do so already at the beginning in Eq. (3), then Eq. (16)
would be changed to

A
/H AT, kokbdAd A = % /H AR,k KkPdAd A2, (20)

in which the LHS is simply an integration with respect to A instead of A1+§. The result would then be similar to the Tsallis case,
with G instead of a re-scaled A. Still, for both choices, in the vacuum case we will get just the Schwarzschild metric as in GR.

We see that in general, Jacobson’s method leads to field equations that depend on the horizon area. In fact, the Bekenstein—
Hawking entropy (up to a multiplicative constant) is unique in the sense that the field equations are area independent. To see this,
we simply observe the following result:

Theorem 1. If on the RHS of Eq. (3) in the Jacobson’s method we have an entropy correction to the horizon area law of the form
S = F(A)/4G for some differentiable function F, then Goz = G/F'(A).

Here the prime denotes derivative with respect to the area. Then we immediately observe that:

Corollary 1.1 (Uniqueness of Area Law). G is independent of A if and only if the area law holds, i.e., S = nA for some constant .

The proof is straightforward (follows the same calculation we did for the Tsallis example). We emphasize that this result is
non-trivial, it is not simply defining G by setting F(A)/4G = A/4Gqg, in which case there would be no derivative of F.

In any case, this poses a serious question: does a generic gravity theory resulted from generalized entropy make sense only in
spacetimes with a horizon? One way to avoid this situation is to allow the parameter in the generalized entropy to be a function. For
example, in [22], when the Barrow parameter 4 is taken to be a function of r, the resulting modified field equations also have explicit
area dependence, but with suitably chosen 4 the area dependence can be cancelled. This is similar® to the argument in [40,41] in
which Barrow entropy is assumed to run with energy scale and behaves at least as 4 ~ 1/AIn A.

3. Example: Schwarzschild black hole with Tsallis modification

Next, we note that in the derivation following Jacobson, the temperature is already chosen to be T = «/2x, which is the standard
Hawking expression, not the one defined by dM /.S, though the « here is the surface gravity 1/4G.M instead of 1/4GM. This is
because the G in the Schwarzschild solution of GR should now be replaced by G The thermodynamic mass can be obtained
following the method in [21] or [11]. Both of these, however, assume the standard Schwarzschild metric of GR,° and so not
compatible with the Jacobson’s method. Unfortunately, despite already worked out G, Ref. [21] overlooked that the Schwarzschild
solution should now be modified."°

To obtain the correct thermodynamic mass E, one begins with the first law

/%dE:/dST. 1)

The Schwarzschild equation now has horizon located at rj, = 2G;M. This leads to
1

= - (22)
32xG2 M
eff
We note that upon substituting A = 47rrfl into Eq. (12),
2(6-1) 1
G = M5 f(5)T, (23)
where we have defined
(16x)y°~' A6
f) = —————. (24)

G

8 Though the argument for the running behavior therein is different: it is the requirement that for large black holes the leading term in the entropy, expanded
as a series of 4, recovers the Bekenstein-Hawking form.

9 There is a typo in the coefficient of the thermodynamic mass of [11] in the power of 2, upon fixing this it is the same as the result in [21].

10 One may think that since the Schwarzschild solution is a vacuum solution, it is not affected by G + G on the RHS of the field equations. This is
unfortunately not true. In standard GR, G in the Schwarzschild radius comes from considering the non-vacuum Newtonian limit (Poisson’s equation), which
would inherit the G.
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This function tends to 1/G as § — 1 in the GR limit. (Though recall that we are assuming 6 to be fixed, so f is really a constant.)
With some simplifications we can obtain

dE = = d(G M), (25)
Gef
and finally upon integration the thermodynamic mass is given by a simple expression*!
1
E=—M. 26
26 —1 (26)

The factor f(5) does not appear in the final expression. In the limit 6 — 1, we recover E = M for the standard GR result. This is
a vast simplification compared to the results in [11,21], in which E « M?5~!. We also note that the condition 6 > 1/2 should be
imposed to have a positive thermodynamic mass. Despite the differences in the approaches, this is the same bound obtained in [21]
from the consideration of Bekenstein bound. In the Tsallis-Jacobson case, the issue of Bekenstein bound violation [45,46] never
arises (as argued in [21] we do not consider it as a violation if it is only off by a constant prefactor).

One of the advantages of the Jacobson’s method is that we can check that with Eq. (23) for the expression of G, the Tsallis
entropy for fixed M is monotonically decreasing towards 0 on the interval § € (1/2, o), although the expression A° might suggest
that it diverges in the limit § - co0. On the other hand, Tsallis entropy tends to a constant A,/4G as 5 — 0, whereas G in Eq. (23)
goes to zero. This is problematic since G — 0 should imply the lack of gravity, and so there is no black hole, yet the entropy is
nonzero. Thankfully this unphysical situation is avoided due to the positive energy bound 6 > 1/2.

Another interesting observation is as follows. In GR, the Smarr relation is M = 2TS, whereas for a “typical” thermodynamic
system one expects'? E = T.S (a special case of the Euler equation). This can be obtained if we set 5 = 3/2 in Eq. (26). This would
correspond to a ‘“volume law” for the entropy (which is expected for ordinary systems like a box of gas) instead of an area law
given by the Bekenstein—-Hawking entropy, and thus serves as a consistency check of the result in Eq. (26).

As we have repeatedly emphasized, the Tsallis case was used only as a concrete example. Thus, interested readers may wish
to follow this example to compute the thermodynamic energy for the Schwarzschild black hole in the other generalized entropies.
In our opinion, a general consequence is that when dealing with thermodynamic calculations, e.g., phase transitions of a black
hole spacetime with generalized entropy, it should be E that is the relevant physical quantity, not M. We recommend that this be
checked in the context of holography (gauge/gravity duality), to see if utilizing E gives more sensible results on the field theory
side than M.

4. Distinguishability from general relativity and making sense of area dependence

Imagine a planet Earth in an alternate universe governed by the field equations Eq. (14), in which the area A in G is the area
of the cosmological apparent horizon. In such a world, local experiments would have always measured G instead of G. If § is
sufficiently close to 1, the effect of varying G.; would be difficult to detect, though its effect may show up in cosmological contexts
(see Section 5), or astrophysical observations over a long time (for example, orbital changes in binary system whose masses are
constant). Thus, physicists in such a world would eventually devise a theory of gravity identical to GR, and they would call G4 as
simply some G. The situation gets somewhat tricky when we consider black holes in such a universe. Since black holes have their
own horizon, this means that the value of the G for black holes depends on their horizon area,'® and is distinct from the “global”
cosmological G.g. Nevertheless, their astronomers would not have realized this; to them, the effect of the different value of G is
simply interpreted as the mass of the black hole. In other words, only G M is observable, which if they have never suspected that
G can vary, then they would just interpret G.4M = GM and deduce that the black hole has ADM mass M, although it is really
M. It would not make sense to fix M to constrain 6, as M cannot be determined independently from astrophysical observations;
it is only accessible from a God’s eye view. Note that the “bare gravitational constant” G itself in the defining expression of G is
physically unobservable.

In the above scenario we have assumed that the cosmological horizon gives rise to G that governs gravity for all the objects
inside the horizon.'* This seems to suggest a non-local effect at work, which some may deem to be not so desirable. Still, of course
non-local extensions of GR is not rare either. In fact, since the size of the cosmological horizon is determined by the matter-energy
content of the Universe, our claim here amounts to saying that the attraction of two particles depends on the total mass-energy
content of the Universe, which is in the spirit of the “Mach’s principle” (Mach tried to explain the inertial mass of any object as

11 This form of thermodynamic mass that only differs from the ADM mass by a constant (which in turn depends on the modification parameter) is previously
known in the literature. For example, in bumblebee gravity the Schwarzschild-like solution [42] has energy E = y/1+IM, where [ is a parameter in the
theory [43]. Likewise, in Kalb-Ramond gravity, one finds [44] E = M /+/¢ + 1 for some parameter #. Both / and ¢ in these theories measure the degree of
Lorentz violation.

12 Another way to obtain E = T'S is by introducing a pressure term that is associated with the “thermodynamic force” in GR [47]. In that case, one finds
E=M/2.

13 The situation is actually even more complicated as one should somehow take into account the presence of multiple horizons. In GR we do not usually
consider the expanding universe background when we discuss local black hole physics, so one might think that we can likewise ignore the cosmological horizon
when we study black holes. However, this does not seem feasible because the cosmological horizon does imbue its G, to all massive bodies in the universe.
Therefore, the G for black holes must be a combination of the local and global values.

14 One may be tempted to think that horizon modifies G into G, and so ordinary objects without horizon would just feel G. However, this is not supported
by the field equations. In the GR case, there is no A-dependence in the field equations so everything is governed by G. For the modified case, however, we
cannot conclude that horizonless objects feel G.
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being induced by other masses in the Universe). One could also contemplate the possibility that away from the horizon, the value of
G decreases as a function of proper distance. This does not change our above discussions by much, since the change in the value of
G M of an astronomical body due to its local motion that changes its distance to the cosmological horizon would be imperceptible.
Of course, careful observations may show some hints of a varying G as it values changes with cosmological expansion. There is
a vast literature on constraining varying gravitational constants, see, e.g. [48-53].

The point is that we could live in such a world already governed by Tsallis entropy without even realizing.'> We would then
treat G as a constant G and everything would just be GR. Note that the factor 1/6 in G is quite subtle. We only obtained it by
going through the Jacobson’s derivation. If we had simply equate the actual entropy of the black hole in a Tsallis-Jacobson universe
to the Bekenstein—-Hawking entropy the naive inhabitants might prescribe to their black holes, i.e.,

Al-8
Do g5 A (27)
4G 4G

this would give instead,

A\
G =G | =— , 28
w=6(4) 28)

which is off by a 1/5 factor compared to Eq. (12). The reason was discussed right after Theorem 1.

Similar conclusions can be reached for other non-geometric modifications to Bekenstein-Hawking entropy. Thus to summarize:
if we take the influence of entropy on gravity seriously and accept that the Jacobson’s method is universal, we are forced to accept
that this generically leads to field equations that depend on the horizon area, and also generically the theory has an effective
gravitational “constant” G.g = G.g(A). Nevertheless inhabitants in such a universe likely would not realize this from local or even
astrophysical measurements unless they are very careful (though there could be stronger hints coming from cosmology, see below).
The area dependence in the field equations is somewhat bizarre, but can be dealt with in at least three manners depending on one’s
philosophy:

(1) If deemed undesirable, we could take this result as a reductio ad absurdum and conclude that Jacobson’s method - for some
reason — only holds for entropy that satisfies the area law .S « A.

(2) If deemed undesirable, we can conclude that generalized entropy parameters cannot be constant, but rather must be chosen
so as to cancel the area-dependence in the field equations.

(3) The derivation is sound and the result is what it is, fait accompli — just accept it.

We prefer the last option, and would argue that it is actually not so strange. For example, following Theorem 1 in Sec.(II) that
S = F(A)/4 = Ge = G/F'(A), the standard quantum gravity correction with a logarithmic term S = A/4G + const. In(A) now
implies that

G
Gt = Lo (29)
A
where C, is a constant. This is not too different from the running gravitational constant scenario one obtains from renormalization
group argument in asymptotically safe gravity (ASG; see, for example, [54-57]):
G(ko)

1+ Ck2’
where k is a reference energy scale and C, another constant. We can assume G(k) is the measured gravitational constant at our
relatively low energy scale. In the literature k is often taken to be inversely proportional to a distance scale. In fact in [58] (see
also [59]), the authors argued that k is horizon area dependent and is explicitly given by k = const./ \/Z This means G(k) would
recover the form in Eq. (29). Such a running behavior is more palatable since for large black holes, G(k) essentially reduces to G(k).
The Jacobson’s method therefore provides a link between the standard quantum gravitational correction of Bekenstein—-Hawking
entropy and the ASG approach.

We also remark that in the literature, distance-dependent gravitational constant has been discussed [60-63], e.g., a Yukawa
potential type dependence in the context of the “fifth force”:

G(r) =Gy, (1 +ae™%), (31

Gk) = (30)

for some characteristic length scale 4. Here a is a constant or another function of r. In comparison the area dependent version
is arguably even less problematic (in terms of being well-defined), as the area of the event horizon of a black hole is coordinate
independent. For the cosmological case, the apparent horizon is the most common choice when thermodynamic calculations are
involved. This is because event horizons do not even exist in some Friedmann-Lemaitre-Robertson-Walker (FLRW) spacetimes [64].
The apparent horizon is observer dependent, but there is already a preferred frame in cosmology anyway. More specifically, the
FLRW metric describes a homogeneous and isotropic universe only for observers like us who follow the “Hubble flow”. The apparent

15 While our approach is somewhat different, this discussion echoes the claim in [9] that “regardless of the type of entropy chosen on the cosmological horizon,
when a thermodynamically consistent corresponding temperature is considered, all modified entropic force models are equivalent to and indistinguishable from
the original entropic force models based on standard Bekenstein entropy and Hawking temperature ”. In our case the varying-G effect may still be observable,
but that alone cannot help us to decide whether we live in a modified entropy universe or other varying-G universes.
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horizon depends on the same FLRW cosmic time ¢. Note that there is no issue with “general covariance”. For example, GR certainly
satisfies general covariance as a theory, but one can construct useful quantities that are coordinate-dependent such as light cones
and apparent horizons. Furthermore, in k = 0 FLRW geometry, the radius of the apparent horizon is just Ry = 1/H, i.e. the
Hubble radius, which is a physically relevant scale that can be computed from observation (of the Hubble constant). Some detailed
clarifications can be found in [65], in which the name “gravitational horizon” is used to emphasize its physical nature (as opposed
to a purely mathematical and arbitrary nature, as one may fear given the coordinate-dependent nature of the apparent horizon).

In addition, possible relation between mass and the cosmological horizon length scale has also been discussed in [66], in which
the authors showed that different mass-horizon relation can recover the various generalized entropies, and in addition, that this
allows the standard Hawking temperature to be used consistently via the generalized entropy. Possible connections between the
effective gravitational constant and the curvature scale (Ricci scalar) has also been proposed in [67].

5. Cosmological implications

We also note that, due to the reasons outlined in Footnote 11, the G for black holes should not simply be a function of its
horizon area, but must also depend on the overall global, cosmological horizon area. But then, since G.M is observed as GM,
the overall effect is that the mass of black holes is coupled to cosmological expansion, a possibility recently investigated in the
literature [68-74], essentially parametrized as:

k

M(@) =M <aﬂ> , (32)

1
where g; is the value of the scale factor when the black hole forms with initial mass M;, and the coupling parameter k is bounded
between the range —3 < k < 3 from a causality constraint. The initial claim was that the best fit is k ~ 3 [68,69]. However, recently
Ref. [73] argued that current estimates of the supermassive black hole mass density based on the black hole mass — bulge mass
relation probably exclude k = 3, but left the possibility of k > 2 opens. The problem, however, is that in our case, we do not actually
know how the G due to black hole horizon combines with the G = G of the cosmological horizon, and thus we do not know
how M looks like as a function of a. Nevertheless, perhaps with some assumptions, reasonable models can be constructed for future
study. The point is that, Jacobson’s method applied to Tsallis entropy (and other generalized entropy) provides a theoretical basis
for the possibility of the coupling between black hole masses and cosmological expansion, which was hitherto not available (the
possible coupling was proposed phenomenologically without a theoretical motivation). In our picture, this coupling is simply due
to the different G.¢’s, it does not necessary imply that black holes are a “source” for dark energy as originally claimed [69].
Although a full analysis of cosmology in the Tsallis-Jacobson approach is beyond the scope of this work. A few interesting

observations are worth a quick mention. Let us consider a Friedmann-Lemaitre-Robertson-Walker universe with flat spatial section.
Following [75], we apply the Tsallis correction to the apparent horizon,'® at R = 1/H, where H = d/a is the Hubble parameter.
Applying the conservation law V¢ (G4T,;) = 0 yields a modified fluid equation'”

p+3H(p+p)+2(1—5)pH(1—Lﬂ):o. (33)

H?a

This gives rise to certain complications. For example, we can no longer work with p(r) « 1/a(t)? for pressureless matter as per usual.
Unfortunately, the acceleration equation is the same as in GR, but with G replaced by G, so there is no chance for accelerated
expansion with just normal matter. The Tsallis-Jacobson cosmology thus differs from the earlier Tsallis cosmology approach in [77].
What is potentially interesting is that

Gefr 1 d
S -spH(1-—2). 34
Gefr =2 ( H? a> (34)
In terms of the modified fluid equation, we can write
G
p+3H(p+p) = —p, (35)
Geft

which is indeed the known general behavior for varying Newton’s constant cosmology, see, e.g., [78]. Eq. (34) is interesting as it
vanishes for a pure de Sitter spacetime with scale factor a(t) = ayef’’, where H is a constant. As long as the expansion rate is not
faster than the pure de Sitter case, and if § = 1 —¢ < 1, then G > 0. We can therefore expect early Universe to have a smaller value
of effective Newton’s constant, which could help to ameliorate the arrow of time problem'® [79,80], and may also help to relax the
Hubble tension and .Sy tension [81,82] (see, however, [83]). Then, as the Universe becomes asymptotically de-Sitter (as indicated
by observations), G.¢ ~ 0 and we have an almost constant G. In other words, curiously, the growth of G is kept in check by the
late time quasi-de Sitter geometry. This connection between G and de Sitter geometry may tie in with the proposal in [78] that
varying-G may provide an effective “cosmological constant”. Despite all these prospects, we do expect that observational constraints

16 As shown in [76] the applicability of the first law of thermodynamics to the apparent horizon has deep physical and geometric roots, which essentially rely
on a linear mass-to-horizon relation, which remains valid in our case. In general however, one should be very careful to guarantee consistency if other forms
of entropy and/or temperature are used. See [66] for more discussions.

17 If so desired, i/a can be substituted with the acceleration equation, so that the fluid equation is expressed entirely in terms of the Hubble parameter H.

18 This also works for the G in Eq. (29), namely we observe that G — 0 when A — 0 (or k — oo in the ASG approach; i.e. gravity weakens at high energy
scale).
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would likely tightly constrain 6 to be very close to 1 as the correction term cannot be too large (especially during the early epochs
when the universe is not close to de-Sitter-like). But again, in general, one must be careful about what is exactly observable [84].

Another prospect for a horizon-dependent G, as opposed to other varying-G scenarios, is that we should expect it to depend
on all the horizons in the spacetime in a complicated manner. This is both an advantage and at the same time, a challenge. It is
advantageous in the sense that this seems to suggest that the value of G.¢ can change abruptly if the number of horizons suddenly
increases, say, during an era in which black holes are copiously produced. A “rapid transition” of the gravitational constant has
indeed been considered in cosmology [81,85,86]. While it appears that when such a transition may have happened is still debatable,
it would be interesting to investigate if such a transition may coincide with black hole formation rate that is higher than usual, or
changes in the cosmological apparent horizon. In particular, in [85] the authors argued that there is a shift in the effective Planck
mass around the recombination era. This is interesting since the increase in matter density during recombination could reduce the
Hubble constant [87]. If true, this is equivalent to increasing the size of the cosmological horizon (whose radius is the inverse of
the Hubble constant), and hence G¢. Of course, this qualitative conjecture would require a more careful study. The main challenge
lies in the multi-horizon case, as we do not know how the global G is determined from the “interactions” between the horizons.
However, if black hole-cosmology coupling is real, we could use observational data as a guide to further understand the possible
form of the interactions.

6. Conclusion: Entropy fixes the gravity theory

The link between gravity and entropy has been widely discussed, but many facets remain unclear and mysterious. In this work,
we have taken a closer look at the influences of generalized entropy on black holes and cosmology. We argued that if we first
consider the effect of generalized entropy on the gravitational theory itself via the Jacobson’s method, instead of taking GR solution
and impose the entropy correction a posteriori, the results are quite different. The former approach is arguably more consistent, but
is not without problems. Namely, the field equations are now at best quasi-local, being dependent on the area of the horizon. How
does one make sense of spacetimes with no horizon in such a theory? If one naively takes absence of horizon as the same as A — 0,
this would seem to imply that gravity requires horizon — without horizon, G is zero. Of course, area dependence can also be
interpreted as a mass-energy dependence (for a Schwarzschild black hole, the relation between area and mass is straightforward;
for apparent horizon in FLRW cosmology, it is implicit via the Friedmann equation). In this sense, the situation is similar to the
Brans-Dicke theory in which the effective gravitational constant G is replaced by the inverse of a scalar field: G.¢ = ¢~!, wherein
the scalar field itself is related to the matter field by (¢ = 87/(3 +2w)T, where w is the Brans-Dicke coupling constant and 7' = T¢,
is the trace of the energy—-momentum tensor. Our situation is still somewhat different, however, as vacuum solutions can affect
A, and non-vacuum solutions with no horizons do not. The roles of an effective gravitational constant have been explored in the
literature (see, e.g., [88,89]), but in view of our findings, there are clearly still rooms for future investigations.

The Jacobson’s approach would also be more restrictive — once a generalized entropy is given, there is a modified gravity that
corresponds to it. This means we can no longer consider, for example, Barrow or Tsallis correction on top of another modified
gravity theory. Such a restriction is good as it avoids proliferation of generalizations in the absence of guiding principles. Note that
we are not claiming that there is a one-to-one map between generalized entropy and modified gravity; as not all modified gravity
theories can be derived via the Jacobson’s method.

There are, in any case, interesting physics that follow from the Jacobson’s approach, as we have seen from our example (Tsallis-
Jacobson gravity). Therefore, we would suggest that further research should be carried out to examine if other generalized entropy
can lead to new features once their corresponding modified gravity is derived, especially in cosmological contexts. For example,
we expect that “Kaniadakis-Jacobson cosmology” would be quite different from Kaniadakis cosmology [90]. Finally we should
emphasize that in this work, we have only considered the simplest scenario in which the generalized entropy parameter is assumed
to be constant. However, there are good reasons to suspect that it would run with energy scale, just like in the case of Barrow
entropy [22,40,41]. What happens then to the corresponding modified gravity theory? Clearly more research is needed.

To conclude, the relationship between generalized entropy and modified gravity calls for more studies, as there is a potential
that this might lead to interesting theories or models that can tie in with other proposals in the literature. At the very least, it forces
us to think deeper about some very important questions: how to consistently modify gravity and thermodynamics? Is GR unique in
some thermodynamical sense?
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